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Abstract
We study the total (dynamical plus geometrical (Berry)) phase of cyclic quantum
motion for coherent states over homogeneous Ka¨hler manifolds X = G/H , which can
be considered as the phase spaces of classical systems and which are, in particular
cases, coadjoint orbits of some Lie groups G. When the Hamiltonian is linear in the
generators of a Lie group, both phases can be calculated exactly in terms of classical
objects. In particular, the geometric phase is given by the symplectic area enclosed
by the (purely classical) motion in the space of coherent states.
I. INTRODUCTION
Let us consider a quantum state ψ(t) whose evolution follows a time–dependent Schro¨din-
ger equation. If the final state ψ(T ) coincides with initial one ψ(0), then the representative
state vectors |ψ(0)〉 and |ψ(T )〉 differ one from another just by a phase factor exp(iα).
This phase factor can be splitted into two parts α = β + γ, called respectively dynamical
phase and geometrical phase. Both β and γ are important characteristics of the evolution
of the system under consideration.
In particular the geometric phase turns out to depend on the Hamiltonian in a rather
indirect way, as it is determined only by the closed loop traversed by the state in the
1On leave of absence from the Institute for Theoretical and Experimental Physics, 117259 Moscow,
Russia
state space. This geometrical phase associated to any quantum cyclic motion with time-
dependent Hamiltonians appears, in addition to the well-known dynamical phase, due to
the natural curvature of the line bundle over the projective Hilbert space of states. This
was found by Berry 1 for adiabatic motion, interpreted by Simon 2 as above, and extended
by Aharonov-Anandan in 3 (see also 4,5 for arbitrary cyclic motion). However, there are
very few cases in which the calculation can be performed explicitly, and it would be nice
to exhibit examples where the phases of a cyclic quantum motion can be calculated in
closed terms.
We shall consider the important cases in which the Hamiltonian H(t) is linear in the
generators of a Lie algebra G acting through some unitary irreducible representation T λ
in a Hilbert space Hλ, where λ labels the representation. The aim of this paper is to
show that in these cases, explicit expressions for both β and γ can be given in terms of
a related classical dynamical system. This is achieved by using the generalized coherent
state technique 6,7,8, and is done in a frame general enough to cover a wide variety of
examples and particular cases, including the well-known situation for evolution of a spin
1/2 in a magnetic field, an standard example which is however an oversimplified one,
because its quantum state space is the Riemann sphere CP 1.
Therefore all information on dynamical and geometrical phases for these quantum sys-
tems can be obtained by studying the motion of a purely classical system in a suitable
phase space. As we shall see these are the Ka¨hler (and hence naturally symplectic) homo-
geneous spaces X = G/H, with G the Lie group of the Lie algebra G. Important examples
of such spaces are the orbits of the coadjoint representation of compact semisimple Lie
groups. For G = U(n) the generic (maximal dimension) coadjoint orbit is U(n)/U(1)n;
this space is called a flag manifold, and plays an important role in many areas 9,10.
The set-up of this paper is as follows: in Section 2 we present the main ideas leading to
closed expressions for dynamical and geometrical phases, in terms of motion in the space
X taken as a classical space. This is possible when the quantum Hamiltonian is linear in
the generators of some representation of a Lie algebra G and besides X is an homogeneous
Ka¨hler manifold of the Lie group G. In Section 3 we describe some homogeneous Ka¨hler
manifolds; they include: (i) coadjoint orbits of semisimple compact Lie groups, (ii) the
so-called bounded symmetric domains which are not compact, and (iii) some other cases,
like the Heisenberg “plane”.
Finally in the Appendix A we collect explicit expressions for the kernels which deter-
mine the Ka¨hler potential, and we give some differential and topological information on
Ka¨hler manifolds, including the Poincare´ polynomials. A resume´ of relevant details on
coherent states, extracted from 8, is also included as Appendix B.
II. THE GROUP THEORETICAL COMPUTATION OF PHASES
Let us consider the time–dependent Schro¨dinger equation
i
d
dt
|ψ(t)〉 = Ĥ(t) |ψ(t)〉, (2.1)
with a Hamiltonian of the form:
Ĥ(t) =
∑
j
aj(t)X
λ
j , X
λ
j = T
λ(Xj), (2.2)
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where T λ is an unitary irreducible representation of the Lie algebra G, whose generators
Xj are represented in T
λ by the (antihermitian) operators iXλj and aj(t) are arbitrary real
functions of time. We consider here only those cases when the representation Hilbert space
Hλ may be realized as a space Fλ of holomorphic functions on a complex homogeneous
space X = G/H which is also a Ka¨hler one. We assume also that the initial state is a
generalized coherent state |x0〉 labeled by the point x0 ∈ X; for details, see
8.
In this case, under time evolution the initial coherent state remains a coherent state
|x(t)〉 = U(t, 0) |x(0)〉 (2.3)
and then x(t) is a solution of the Hamilton equation for the corresponding classical system
x˙ = {H(t), x}λ, x˙ =
dx
dt
, (2.4)
where { , }λ is the Poisson bracket induced on X by the representation T λ.
The mapping X → Hλ which associates the point x0 ∈ X to the coherent state |x0〉
allows an isomorphic identification of actual quantum “trajectories” starting from |x0〉 and
obeying the usual Schro¨dinger equation
i
d
dt
|x(t)〉 = Ĥ(t)|x(t)〉 (2.5)
to some classical motions in X (taken as a classical phase space, not a configuration
space), satisfying (2.4).
Under this identification, if Γ is a closed loop in X with period T , it is still closed in
the projective Hilbert space H
λ
, which should be considered as the true state space, but
not necessarily in the linear Hilbert space Hλ. In this cyclic motion, the state vector picks
up a phase
|ψ(T )〉 = exp (iα)|ψ(0)〉, α = β + γ. (2.6)
This can be also seen as follows 4. Let Γ be a closed path (loop) in the projective Hilbert
space H = CP∞ of states; let |ψ〉 = |ψ(t)〉 be a generic point in Γ. There is a tautological
line bundle, whereby each point carries its vectors; this line bundle is hermitian, by the
hermitian product in H. Let P (t) be in the fibre over |ψ(t)〉. The Hamiltonian Ĥ works
in H, and by projection in H also, so the time evolution carries P (0)→ P (t) and projects
to U(0, t) : |ψ(0)〉 → |ψ(t)〉. As P (T ) is the fibre over ψ(T ) which coincides with the fibre
over ψ(0), we must have:
P (T ) = exp (iα)P (0), (2.7)
where α is the total phase for the cyclic motion. The lift of the path Γ through the
connection of the line bundle Lλ would produce an U(1) holonomy γ; this is the geometric
phase, and the difference, β = α − γ is the dynamical phase. As explained in detail in 2,
we have the following explicit expressions for both parts of the total phase α:
β =
∫
〈ψ(t)|Ĥ(t)|ψ(t)〉dt, γ =
∫
〈ψ′(t)|
(
− i
d
dt
)
|ψ′(t)〉dt, (2.8)
where |ψ′(t)〉 is a trivializing section, i.e. there is no dynamical phase for the whole loop,
see 4,11. The connection 1-form of this line bundle θλ is related locally to the symplectic
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2-form as ωλ = dθλ, and this symplectic 2-form is in turn induced by the imaginary part
of the Hermitian scalar product in Hλ.
Under the conditions stated, both phases can be computed directly in terms of the
classical motion in X. For the dynamical part we have:
β =
∫
〈ψ(t)| Ĥ(t) |ψ(t)〉 dt =
∫
〈x(t) |Ĥ(t) |x(t)〉 dt =
∫
aj(t)X
λ
j (t) dt, (2.9)
where Xλj (t) = 〈x(t)|X
λ
j |x(t)〉.
The geometric phase γ is given as the integral along Γ of the connection 1-form θλ
which depends on the representation. Due to the abelian nature of the U(1) group, the
Stokes theorem applies and gives:
γ = γcl =
∫
Γ
θλ =
∫
Σ
ωλ, (2.10)
where ωλ = dθλ and Σ is any surface having Γ = ∂Σ as its boundary. Hence, we give
the expression for the geometric phase in terms of symplectic area of any surface whose
boundary is the given (classical) closed circuit in our Ka¨hler manifold X.
Thus formula (2.10) is valid for arbitrary homogeneous Ka¨hler manifolds. Now if F λ
denotes the Ka¨hler potential 12,13, the expressions for the connection and curvature forms
are (see Appendix A):
θλ =
1
i
(
∂F λ
∂zµ
dzµ −
∂F λ
∂zµ
dzµ
)
, ωλ =
i
2
∂2F λ
∂zµ ∂zν
dzµ ∧ ∂zν = dθ
λ, (2.11)
and the Ka¨hler potential itself is related to the kernel, which generalizes Bergmann’s
kernel, as:
F (z, z) = ln (K(z, w))|w=z . (2.12)
The simplest closed loops are geodesic triangles. For them we can give explicit expressions.
Let us first consider the simplest case G = su(2), where X = CP 1 = SU(2)/U(1) is
the Riemann sphere, and U(1)→ SU(2) = S3 → S2 is the second Hopf sphere bundle. In
this case there is a single complex coordinate z, related with the point x on the sphere by
the usual stereographic projection, and the Bergmann’s kernel is given by
K(z, w) = 1 + zw. (2.13)
It is clear that any vertex can be carried to a prescribed point on the sphere, say the
North pole, corresponding to z = 0. Let |x〉, |y〉 denote the two coherent states determining
the remaining triangle vertices, corresponding to points x, y on the sphere, and let us
denote z, w the complex coordinates corresponding to x, y. The closed expression for the
geometric phase associated to this closed loop is:
γ =
1
2i
ln
K(z, w)
K(z, w)
=
1
2i
ln
1 + zw
1 + zw
=
1
2i
ln
〈x|y〉
〈y|x〉
. (2.14)
For G = su(2) this result for the phase has been given already in 6 (see also 8). In this
case the symplectic area is proportional to the riemannian area for the standard riemannian
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structure on S2; this proportionality is however accidental and may be misleading because
this does not hold in higher dimensions; for instance in CPn (n > 1) the symplectic area
of any finite triangle is not proportional to its riemannian Fubini-Study area.
Let us now consider the general case where the generators Xλj close to an unitary
irreducible representation of the Lie algebra G. The symplectic area of any closed loop
in H is completely determined by the loop; this does not hold for the ‘riemannian’ area
determined by a general Ka¨hler metric, which depends essentially on the two-dimensional
surface whose boundary is the prescribed loop. In this general case (with group G), it
suffices again to give a closed expression for the symplectic area of a triangular loop. If
one vertex is carried to a prescribed point on the Ka¨hler homogeneous manifold X (say
determined by the complex coordinates zµ = 0), the remaining vertices x, y will correspond
to the complex coordinates zµ, wν . The same argument as before leads in this case to the
expression:
γ ∝
1
2i
ln
K(z, w)
K(z, w)
. (2.15)
Appendix A contain explicit expressions for the kernels K(z, w) for Hermitian symmet-
ric spaces, taken from 8, where further details on the construction of the kernel K(zµ, wν)
for homogeneous Ka¨hler manifolds can be found.
In the case of complex grassmannians, the usual choice for complex coordinates are
called Pontrjagin coordinates and can be arranged as a complex rectangular matrix Z.
After substituting for the relevant kernel, the basic expression (2.15) reduces to:
γ ∝
1
2i
ln
det(I + ZW †)
det(I +WZ†)
(2.16)
and coincides with the formula for the geometric phase derived through explicit computa-
tion by Berceanu, who also points out the validity of a similar formula for any Hermitian
symmetric space 14. However, the arguments given in 8 appear to hold unrestrictedly for
arbitrary homogeneous Ka¨hler manifold X, and not only for Hermitian symmetric spaces.
In the well understood example (see e.g. 15,16), of a spin 1/2 particle in a magnetic
field,
i
d
dt
|ψ(t)〉 = −µB(t) · S|ψ(t)〉 (2.17)
the Hamiltonian is a linear combination of three operators which span a Lie algebra su(2),
and quantum evolution can be thus translated into a classical motion of a point on the
homogeneous space SU(2)/U(1), the Riemann sphere again. The coadjoint orbits are
2-spheres and x = x is a unit vector in R3, so at any fixed time Ĥ(t) splits into two parts:
Ĥ(t) = Ĥ|| + Ĥ⊥, (2.18)
where
Ĥ⊥ |x(t)〉 = 0, Ĥ|| |x(t)〉 = E(t) |x(t)〉. (2.19)
The longitudinal part produces only a dynamical phase, as the ray of |x〉 and of E(t)|x〉
are the same. The geometrical phase comes entirely from the transverse part. In particular,
if the field is constant in direction:
H(t) = B(t)σz (2.20)
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and the initial state is |x〉 = cos(θ/2) |+〉+ sin(θ/2) |−〉, the solution is readily obtained
|ψ(t)〉 = a(t) |+〉+ b(t) |−〉, (2.21)
where a(t) = a(0) exp(−i
∫
B(t) dt), b(t) = b(0) exp(i
∫
B(t) dt). For θ = 0 or θ = pi we
have a purely dynamical phase, while for θ = pi/2 the phase is purely geometrical.
For arbitrary B(t) there is also a local splitting, and the “parallel” H|| and “perpen-
dicular” H⊥ parts of the Hamiltonian carry respectively the dynamical and geometric
phases.
III HOMOGENEOUS SYMPLECTIC MANIFOLDS AND KA¨HLER MANI-
FOLDS
Relative to the definition of a symplectic manifold, see the book 17.
Definition. A symplectic manifold (M,ω) is called homogeneous if there exists on it
a transitive action Φg : M → M of some Lie group G = {g} which acts as a group of
symplectic transformations, i.e., it leaves invariant the form ω, Φ∗g ω = ω.
Theorem 18. Any homogeneous symplectic manifold on which a connected Lie group
G acts transitively and by symplectic transformations is locally isomorphic to an orbit of
a coadjoint representation of this group G or of a central extension of G by R.
Thus any coadjoint orbit of the group G is an homogeneous symplectic manifold.
Among the class of all homogeneous symplectic manifolds, the main important subclass
is those of coadjoint orbits of semi-simple Lie groups. These have an additional Ka¨hler
homogeneous structure. A Ka¨hler manifold is defined as a complex manifold M endowed
with a Ka¨hler metric h, whose imaginary part is a closed two-form. A Ka¨hler metric is an
hermitian metric h which comes from a function F (z, z) called the Ka¨hler potential:
ds2 = hµν dz
µ dzν , hµν(z, z) = ∂µ ∂ν F (z, z), ∂µ =
∂
∂zµ
, ∂ν =
∂
∂zν
. (3.1)
The imaginary part of this metric is a symplectic 2-form
ω =
i
2
hµν(z, z) dz
µ ∧ dzν , dω = 0. (3.2)
The connection between orbits of the coadjoint representation of compact simple Lie
groups and Ka¨hler homogeneous manifolds is stated in the following important result of
A. Borel:
Theorem 19. Any orbit of the coadjoint representation of a compact simple Lie group
is a compact Ka¨hler homogeneous simply-connected manifold, and any compact Ka¨hler
homogeneous simply-connected manifold is some orbit of the coadjoint representation of
the some compact simple Lie group.
Orbits of the coadjoint representation of a compact Lie group are even rational mani-
folds 20. Topologically they are compact and simply-connected manifolds. Their topology
is described, for example, in the review 9. In the Appendix A we give some pertinent
results.
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Many examples of Ka¨hler homogeneous manifolds with a compact group G are known;
these spaces are compact, even-dimensional, simply-connected and oriented. As the coho-
mology class [ω] 6= 0, all the even Betti numbers are nonzero. Let us recall some simple
examples.
For G = SU(2) = Spin(3) ∼ SO(3), the generic coadjoint orbits in su(2) ≈ R3 are
spheres S2; there is an isolated orbit consisting of a single point, the origin. For each
sphere the 2-form is just the area (volume) form, automatically closed by dimensionality.
It is a complex (one-dimensional) manifold, the Riemann sphere.
For G = SU(3), there are three types of coadjoint orbits in su(3) ≈ R8: the origin,
four-dimensional orbits isomorphic to CP 2 = SU(3)SU(2)×U(1) , and six-dimensional maximal
orbits, isomorphic to the flag manifold F3 = SU(3)U(1)×U(1) .
For G = SU(n), the description of the orbits is essentially given by the partitions of n
(see 21).
The general calculation of Ka¨hler metrics on the coadjoint orbits for any compact
simple Lie group (the classical and exceptional structures of Cartan) was expelled in 21.
The main reason why these manifolds are Ka¨hler is that the homogeneous structure is
also obtained from the complex extension GC of G. The role of the subgroup H here is
played by some triangular (Borel) subgroup B; both GC and B are analytic manifolds, and
so is GC/B which turns out to be isomorphic to G/H. The spaceX is also obviously simply
connected, because G can be taken simply connected (for any X) andH is connected. This
construction X = G/H = GC/B is also basic in the Borel-Weil-Bott theory of analytic
construction of irreducible representations of G as sections in some holomorphic bundles.
When G is a general simple or semisimple compact Lie group, the orbits of the coadjoint
representation exahusts all the compact homogeneous Ka¨hler manifolds.
Other examples of (non-compact) Ka¨hler manifolds are the so-called bounded sym-
metric domains (see 22). Recall that a bounded domain D ⊂ Cn is called symmetric if
each point in D is fixed by an involutive holomorphic diffeomorphism of D. These are
characterized by the result:
Theorem [Helgason 22, p.310]. (i) Each bounded symmetric domain D, when equipped
with the Bergmann metric, is a Hermitian symmetric space of the non-compact type. In
particular, a bounded symmetric domain is neccesarily simply connected.
(ii) Let M be a Hermitian symmetric space of the non-compact type. Then there exists
a bounded symmetric domain D and a holomorphic diffeomorphism of M onto D.
The paradigmatic example is the Lobachevsky plane. This a Ka¨hler manifold which is
non-compact, and of constant negative curvature.
A complete classification of Ka¨hler manifolds is still lacking. Hermitian symmetric
spaces, which are completely classified, are examples of Ka¨hler manifolds, while the re-
maining non-hermitian symmetric spaces are not Ka¨hler (e.g, the even dimensional spheres
S2n, n > 1 are homogeneous and symmetric, but obviously not Ka¨hler).
Some nonsemisimple groups also provide other Ka¨hler manifolds. A very basic example
is that obtained from the Heisenberg-Weyl algebra hw(1) generated by the usual operators
p, q, 1, by quotient by the subgroup generated by the subalgebra 1. This space is the
basic “quantum” space q, p, whose non-compact Ka¨hler character becomes obvious after
7
introduction of the complex coordinate z = p+ iq.
APPENDIX A. KA¨HLER HOMOGENEOUS MANIFOLDS
We start by listing some examples of compact Ka¨hler homogeneous manifolds. More
details can be found in 19 and in 21.
1. G = SO(3) ∼ SU(2) is the rotation group of a three-dimensional vector space R3.
Here the sign ∼ means a locally isomorphic group and G∗ is the dual space to the
Lie algebra G∗ = {x|x = (x1, x2, x3)} ≈ R
3. There is a zero-dimensional orbit
(the origin) while the remaining orbits are generic and are two-dimensional spheres
S2r = {x|x
2 = x21 + x
2
2 + x
2
3 = r
2}.
2. G = SU(3). Here we have three types of coadjoint orbits in su(3) ≈ R8: First, the
origin x = 0. Second, four-dimensional orbits (isomorphic to CP 2)
O =
SU(3)
SU(2)× U(1)
, (A.1)
and third, six-dimensional orbits isomorphic to the complex flag space F3
O =
SU(3)
U(1)× U(1)
. (A.2)
3. G = SU(n). Here, in addition to the trivial zero-dimensional orbit, we have orbits
isomorphic to the complex projective space CPn−1,
O =
SU(n)
SU(n− 1)× U(1)
∼ CPn−1 . (A.3)
There are also orbits isomorphic to the complex grassmannians CGm,n,
O =
SU(m+ n)
SU(m)× SU(n)× U(1)
∼ CGm,n, (A.4)
and finally the generic maximal orbits are isomorphic to the complex flag manifold
F
n
O =
SU(n)
U(1)× U(1) × · · · × U(1)
∼ Fn. (A.5)
4. For compact simple Lie algebras, the coadjoint orbits of minimal non-zero dimension
were investigated in 23, and are given in the following Table:
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G dimOmin H
An SU(n+ 1) 2n An−1 × U(1)
Bn SO(2n+ 1) 2(2n − 1) Bn−1 × SO(2)
Cn Sp(n) 2(2n − 2) Cn−1 × U(1)
Dn, n 6= 2 SO(2n) 2(2n − 2) Dn−1 × SO(2)
G2 10 A1 × SO(2)
F4 30 C3 × SO(2)
E6 32 D5 × SO(2)
E7 54 E6 × SO(2)
E8 114 E7 × SO(2)
A.1 Kernels for some Hermitian symmetric spaces
In this section we give the explicit expressions 24 for kernels of the Hermitian symmetric
spaces of classical type, either compact or non-compact (bounded symmetric domains).
They belong to four families, which in the Cartan notation are AIII , CI ,DIII and BDI(q =
2) 22. There are two further exceptional Hermitian symmetric spaces, EIII , EV II related
to exceptional Lie algebras.
AIIIc
For the complex grasmannians CGp,q of p-planes in C
p+q:
X = SU(p+ q)/(SU(p)⊗ SU(q)⊗ U(1)), p ≥ q, (A.6)
in terms of the pq complex coordinates arranged in a rectangular p × q complex
matrix Z:
K(z, w) = det(I(p) + ZW †). (A.7)
AIIInc
The non-compact Cartan duals of the complex grassmannians are the spaces:
X = SU(p, q)/(SU(p) ⊗ SU(q)⊗ U(1)), p ≥ q. (A.8)
which can be realized as the bounded domain I(p) − ZZ† ≥ 0 with Z as above; its
kernel is:
K(z, w) = det(I(p) − ZW †). (A.9)
CIc
For the manifold of Lagrangian p-spaces in C2p, which is the compact symmetric
Hermitian space:
X = Sp(p)/U(p) (A.10)
the kernel is given in terms of p(p + 1)/2 complex coordinates arranged in a p × p
complex symmetric matrix Z as:
K(z, w) = det(I(p) + ZW †). (A.11)
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CInc
The Cartan dual to the previous space:
X = Sp(2p,R)/U(p) (A.12)
can be realized as the bounded domain I(p) − ZZ† ≥ 0 in terms of the coordinate
matrix Z as above; its kernel is:
K(z, w) = det(I(p) − ZW †). (A.13)
DIIIc
The kernel for the compact Hermitian symmetric space:
X = SO(2p)/U(p) (A.14)
is given in terms of p(p − 1)/2 complex coordinates arranged in a rectangular p× p
complex skew-symmetric matrix Z as:
K(z, w) = det(I(p) + ZW †). (A.15)
DIIInc
For the non-compact Cartan dual space:
X = SO∗(2p)/U(p) (A.16)
realized as the bounded domain I(p) − ZZ† ≥ 0 in terms of the coordinates Z as
above, the kernel is:
K(z, w) = det(I(p) − ZW †). (A.17)
BDIc
The real grasmannian RG2,p of 2-planes in R
p+2:
X = SO(p+ 2)/(SO(p) ⊗ SO(2)) (A.18)
In terms of p complex coordinates arranged as a p × 1 row complex vector z, with
z′ denoting the transpose 1× p column complex vector, then
K(z, w) = 1 + (z · z′)(w ·w′) + 2 (z ·w′). (A.19)
BDInc
The non-compact dual space:
X = SO(p, 2)/(SO(p) ⊗ SO(2)) (A.20)
can be realized as the bounded domain
| z · z′ |< 1, 1+ | z · z′ |2 −2 z · z′ > 0, (A.21)
where the p complex coordinates are arranged as a p × 1 row complex vector z, as
above; the kernel is:
K(z, w) = 1 + (z · z′)(w ·w′)− 2(z ·w′). (A.22)
The two exceptional Hermitian symmetric spaces can be dealt with similarly, by using
3× 3 octonionic matrices, as discussed by U. Hirzebruch 25.
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A.2 Topology of orbits
Orbits of a coadjoint representation of compact Lie groups are compact simply-connected
manifolds; this follows from the exact homotopy sequence. They have a non-trivial second
homotopy group pi2(X) because they are compact symplectic manifolds. Further informa-
tion on their topology may be found, for example, in the review 9.
Let PX(t) =
∑N
j=0 bj t
j be the Poincare´ polynomial of manifold X, bj being the Betti
numbers of the manifold X of dimension N . In our case X = G/H, where H is some
compact semisimple subgroup of G, and rankH = rankG = r. In this case, the Hirsch
formula (see 9) is valid
PX(t) =
∏r
j=1
(
1− t2nj
)
∏r
j=1 (1− t
2mj )
, (A.23)
where nj and mj are the degrees of basic invariants of the Weyl group W of the groups G
and H (see 26). Let us give a few applications of this formula. We have
(i) For the complex projective space:
X = CPn, PX(t) = Pn(t) ≡ 1 + t
2 + t4 + · · · + t2n. (A.24)
(ii) For the complex flag manifold Fn:
X = Fn =
SU(n)
U(1)× · · · × U(1)
, PX(t) = P1(t)P2(t) · · · Pn−1(t), (A.25)
where the polynomial Pn(t) was defined above.
(iii) An example of a real grassmannian RG3,2:
X =
SO(5)
SO(3)× SO(2)
, PX(t) = P3(t). (A.26)
(iv) An example of a real “flag-like” manifold:
X =
SO(5)
SO(2)× SO(2)
, PX = P1(t)P3(t). (A.27)
(v) For the minimal orbits of the coadjoint representation of G2,
X =
G2
SU(2)× U(1)
, PX = P5(t). (A.28)
(vi) For the octonionic “flag-like” coadjoint orbit of G2:
X =
G2
U(1)× U(1)
, PX =
(1− t4) (1− t12)
(1− t2) (1 − t2)
= P1(t)P5(t). (A.29)
(vii) For the complex Grassmann manifolds CGm,n
X = CGm,n =
SU(m+ n)
SU(m)× SU(n)× U(1)
, (A.30)
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PX =
(1 − t4) . . . (1− t2(m+n))
(1− t2) [(1− t4) . . . (1− t2m)] [(1− t4) . . . (1− t2n)]
. (A.31)
For example, for the lowest dimensional complex Grassmann manifold, CG2,2, we
have
X = CG2,2 =
SU(4)
SU(2)× SU(2)× U(1)
, (A.32)
PX =
(1 − t6 ) ( 1 − t8 )
( 1 − t2 ) ( 1 − t4 )
= ( 1 + t4 )( 1 + t2 + t4 ) = 1 + t2 + 2t4 + t6 + t8. (A.33)
(viii) For the octonionic Cayley plane,
X =
F4
C3 × SO(2)
, PX =
(1− t16 ) ( 1 − t24 )
( 1− t2 ) ( 1 − t8 )
, (A.34)
PX = (1 + t
8)(1 + t2 + t4 + · · ·+ t22) = (A.35)
1 + t2 + t4 + · · ·+ 2t8 + 2t10 + · · ·+ 2t22 + t24 + · · ·+ t30.
APPENDIX B. COHERENT STATES
As discussed in Section 2, we consider here classical Hamiltonian systems which correspond
to quantum systems of a special type for which the quantum properties are expressed
simply in terms of classical ones.
Let (X,ω) be a compact simply-connected symplectic manifold on which the semi-
simple compact Lie group G act transitively.
As it was shown by A. Borel 19, this class of manifolds coincides with the class of
orbits of a coadjoint or (what is equivalent) adjoint representation of the compact semi-
simple Lie group G. These manifolds are Ka¨hler homogeneous manifolds, and have even
dimension. This means that they admit a Hermitian G-invariant metric, as given in (3.1),
whose imaginary part is a closed two-form given in (3.2). Both are determined by a single
function F (z, z), called the potential of the Ka¨hler metric, which may be found from the
Gauss decomposition of the group G.
The G-invariant Hermitian metric (and the G-invariant symplectic structure) on the
orbits of coadjoint actions is not uniquely determined. The most general ones are a linear
combination of a number r of basic metrics or symplectic forms, the number r being equal
to the rank of the manifold.
Let us recall now the construction of unitary irreducible representations of simple
compact Lie groups G of rank r. Such representation is characterized by an r-dimensional
vector λ = (λ1, . . . , λr) — the so-called highest weight: T (g) = T
λ(g), where λ =
∑
λjwj,
wj are the fundamental weights and λj are non-negative integers.
Correspondingly, in the representation space Hλ, there exists a vector (the highest
vector) |λ〉 satisfying the conditions
Eˆα |λ〉 = 0, α ∈ R+, Hˆj |λ〉 = λj |λ〉, (B.1)
where Eˆα and Hˆj are operators in H
λ which represent the Chevalley basis for GC .
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In the space Hλ, there exists a basis {|µ〉}, where µ is a weight vector, i.e., an eigen-
vector of all operators Hj :
Hj |µ〉 = µj |µ〉. (B.2)
A general representation T λ(g) characterized by the highest weight λ = (λ1, . . . , λr) cor-
responds to a fiber bundle over X = G/H = GC/B+ = X−, with the circle as a fiber, with
connection and curvature forms:
θλ =
1
2i
(
∂F λ
∂zµ
dzµ −
∂F λ
∂zµ
dzµ
)
, ωλ =
1
2i
∂2F λ
∂zµ ∂zν
dzµ ∧ ∂zν = dθ
λ, (B.3)
where F =
∑
l λl F
l, l = 1, 2, . . . , r. The representation T λ(g) with the highest weight λ
may be realized in the space of polynomials Fλ over X−. Namely,
T λ(g) f(z) = αλ(z, g) f(zg), (B.4)
where the quantities αλ(z, g) and zg may be found from the Gaussian decomposition
zg = ζ1 h1 z1, (B.5)
zg = z1, αλ(z, g) = δ
λ1
1 . . . δ
λr
r . (B.6)
The invariant scalar product Fλ is introduced by the formulas
(f1, f2) = dλ
∫
f1(z) f2(z) dµλ(z), (B.7)
where dλ is the dimension of the representation T
λ. In this case we have
T λ(g) f(z) = exp [i Sλ(z, g)] f(zg), (B.8)
where
Sλ(z, g) =
∫ z
0
(θλ − g∗ · θ
λ) + Sλ(0, g), (B.9)
and the Ka¨hler potential is:
F λ =
∑
λl F
λ
l (z, z) = − ln〈λ|T
λ(zz+) |λ〉, (B.10)
which determines after (B.3) the connection θλ and curvature ωλ forms in the fiber bundle
with base X, a circle as a fiber, and related to the representation T λ(g).
A similar construction works also for degenerate representations for which the highest
weight λ is singular, i.e. (λ, α) = 0 for one or several roots α. Then the isotropy subgroup
B˜ of a vector |ψ0〉 is one of the so-called parabolic subgroups. This means that B˜ contains
the Borel subgroup B, i.e. the maximal solvable subgroup. The coset space X = GC/B˜ is
the degenerate orbit of the coadjoint representation, but this space is still the homogeneous
Ka¨hler manifold 19. Hence the construction considered above is valid completely also in
this case.
Following 6,7,8, let us now construct the coherent state (hereafter CS) systems for an
arbitrary compact Lie group.
To this aim one has to take an initial vector |0〉 in the space Hλ. Note first of all that
the isotropy subgroup Hµ for any state |µ〉 corresponding to weight vector µ contains the
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Cartan subgroup H = U(1) × · · · × U(1) = T r, where r is the number of U(1) factors
entering in H, and is called the rank of group G. For generic weight vectors subgroup Hµ
coincides with H.
In general, the isotropy subgroup for a linear combination of weight vector is a subgroup
of the Cartan subgroup. Therefore it is convenient to choose a weight vector |µ〉 as an initial
element of the CS system. In the general case, the isotropy subgroup Hµ is isomorphic to
the Cartan subgroup H, and a CS is characterized by a point of X = G/H.
For the degenerate representation, where the highest weight λ is orthogonal to some
root α : (λ, α) = 0, the isotropy subgroup Hµ may be larger than T
r for some state vector
|µ〉. Then any CS |x〉 is characterized by a point of a degenerate orbit of the adjoint
representation. Indeed, in all cases,
H ′j |x〉 =
[
T (g)Hj T
−1(g)
]
|x〉 = µj |x〉, |x〉 = T (g) |µ〉. (B.11)
Therefore if we take a state vector |µ〉 as the initial vector |0〉, then the coherent state
|x〉 is characterized by a point of an orbit of adjoint representation, and the orbit may be
degenerate.
Now suppose that T λ(g) is a non-degenerate representation of the compact Lie group
G with the highest weight λ, i.e., (λ, α) 6= 0 for any α ∈ R. We take the vector with the
lowest weight | − λ〉 as the initial vector |0〉 for the CS system. Let us consider the action
on this state of operators Hj, Eα and E−α (α ∈ R+) representing the Lie algebra G
C .
One can see that subalgebra B− = {Hj, E−α}, α ∈ R+ is the isotropy subalgebra for the
vector |λ〉. The corresponding group B− is a subgroup of G
C .
Taking the lowest weight vector |λ〉 as |0〉, applying operators T λ(g) and using the
Gaussian decomposition g = ζhz, with ζ ∈ Z+, we obtain the CS system
|ζ〉 = N T λ(ζ) |0〉 = N exp

 ∑
α∈R+
ζαEα

 |0〉, N = 〈0|T λ(g) |0〉, (B.12)
or in another form,
|ζ〉 = D(ξ) |0〉, D(ξ) = exp
[∑(
ξαEα − ξαE−α
)]
. (B.13)
Note that the unitary operators D(ξ) do not form a group but their multiplication law
is
D(ξ1)D(ξ2) = D(ξ3) exp

i∑
j
ϕj Hj

 . (B.14)
Note also that these CS are eigenstates of operators
T (g)Hj T
−1(g) = H˜j , H˜j |x〉 = −λj |x〉. (B.15)
The last equations determine the CS up to a phase factor exp(iα). The constructed CS
system has all properties of a general CS system. Some of the most important ones are
noted below.
1. Operators T λ(g) transform one CS into another,
T λ(g) |x〉 = exp(i φλ(x, g)) |xg〉, (B.16)
where φλ(x, g) is a phase shift.
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2. CS are not mutually orthogonal. The scalar product is
〈ζ1|ζ2〉 = N1N2 〈0|T
+(ζ1)T (ζ2) |0〉 = N1N2 〈0|T (ζ
+
1 ζ2) |0〉
= Kλ(ζ
+
1 ζ2)
[
Kλ(ζ
+
1 ζ1)Kλ(ζ
+
2 ζ2)
]−1/2
, (B.17)
where
Kλ(ζ
+
1 ζ2) = ∆
λ1
1 (ζ
+
1 ζ2) . . .∆
λr
r (ζ
+
1 ζ2)
and quantities ∆j may be found from the Gaussian decomposition. For the group
G = SU(n), GC = SL(n,C), the quantity ∆j is the lower angular minor of order j
of the matrix ζ+1 ζ2.
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